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k-FLAT STRUCTURES AND EXOTIC
CHARACTERISTIC CLASSES

LISA R. GOLDBERG

ABSTRACT. We generalize the concept of “foliation” and define k-flat struc-
tures; these are smooth vector bundles with affine connections whose character-
istic forms vanish above a certain dimension. Using semisimplicial techniques
we construct a classifying space for k-flat structures, and prove a classification
theorem for these structures on smooth manifolds.

Techniques from rational homotopy theory are used to relate the exotic
characteristic classes of foliations to the rational homotopy groups and coho-
mology of the classifying space.

Introduction. A familiar technique in algebraic topology is to reduce the prob-
lem of studying structures on a large collection of objects to the study of a universal
example which “contains” all the others. Consider the problem of classifying vec-
tor bundles over CW complexes, in this case we need only look at spaces BO* and
BU¥, and their canonical k-plane bundles [9]. A nice feature of this example is
that the algebraic invariants of k-plane bundles (i.e. Stiefel-Whitney classes, Chern
classes, Euler class) are contained in the cohomology of the classifying spaces.

In this paper, we look at a set of invariants which can be attached to foliated
smooth manifolds. These are the so-called “exotic characteristic classes” of folia-
tions which were constructed in the late 1960’s independently by Bott, Haefliger,
Gelfand-Fuks, Kamber-Tondeur, and Malgrange; they can be defined using purely
geometric techniques (i.e. see [1]).

At about the same time, Haefliger [5] developed a topological classification of
foliations using BI' spaces, and has applied the theory to smooth manifolds via
theorems of Thurston and Gromov-Phillips. One would like to demonstrate a
relationship .between the exotic characteristic classes and the cohomology of the
classifying spaces as in the example above, although this has proven to be difficult.
Nevertheless, a lot is known about the homotopy type of BTk, largely through the
efforts of Hutsch, Hurder, Kamber-Tondeur, Rasmussen, Thurston, et al.

In §1, we introduce k-flat structures, which generalize the concept of foliations.
These are smooth vector bundles with affine connections whose characteristic forms
vanish above dimension 2k; they constitute the largest classes of objects for which
exotic characteristic classes can be defined. k-flat structures and exotic character-
istic classes were studied by Lehmann in [17].

Using semisimplicial techniques, we will construct classifying spaces for k-flat
structures and prove a classification theorem for these structures on smooth man-
ifolds. §2 contains a brief review of semisimplicial methods, while §3 contains the
constructions and proofs.
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434 L. R. GOLDBERG

In §4, we use methods from rational homotopy theory to relate the exotic charac-
teristic classes to the rational homotopy groups and cohomology of the classifying
spaces. These methods were introduced by Hurder [6] to study the connection
between the homotopy type of BT'x and the exotic classes.

§5 contains examples and concluding remarks.

This paper is a condensed version of my doctoral dissertation; I would like to
thank my advisor Dr. Edgar H. Brown, Jr., for his guidance and support. I would
also like to thank Dr. Harold Levine for his mathematical assistance. Finally, I
would like to give special thanks to the referee. His (or her) comments and criticisms
were immensely helpful. In particular, the referee is responsible for the outline of
the example in §5, and for bringing to my attention the prior work of Lehmann.

1. Let M be a finite dimensional C* manifold and let ¢ be a C*® REF-vector
bundle over M. C%(¢) will denote the space of smooth sections of ¢ with the
Whitney C*° topology, C*°(M) is the space of smooth real valued functions on M,
and T = M is the tangent bundle to M. Recall that an affine connection on ¢ is an
R-linear map V: C®(T * M) x C®°(¢) — C*°(¢) satisfying

1. V(fX,s) = fV(X,s),

2. V(X. [s) = X(J)(s) + [V(X.5)
for X € C®(T*xH), s€ C*®(¢), f€ C®(M).

Associated to V is its curvature tensor

Ko(X,Y,s)=V(X,V(Y,s)) - V(Y,V(X,s)) — V([X,y],s

We can describe V and Ky locally in the following way: Choose a framed open
cover {Uq,s¢....,s5}t for M, and let w® = (wf;) and Q% = (Qf) be the k x k
matrices of 1- and 2-forms defined by

V(X,s? wa ZQ" (X,Y)s

V and Ky are (:omplotely determined by these local matrices, and w® and 1% are
related by the identity Q% = dw® — w™ A w®.

All C* bundles admit affine connections, and we can define the characteristic
classes of a vector bundle using a connection and its curvature tensor via the Chern-
Weil construction, which we briefly describe below.

Let I(Glk) be the graded algebra of Gli-invariant polynomials P: Gl — R.
I4(Gly) is the vector space of polynomials which are homogeneous of degree d, and
[1] proves that I(Glg) = [p1,p2.- .-, pk|, where p; has degree 3.

Suppose V is an affine connection on ¢ and {U,;s§,...,sy} is a framed open
cover for V. Let 2% w® be as above. Then for any P € I4(Gly)

P(Q*) /Uy NUz = P(QP) /U N Up.

Since K(fX,gY)(hs) = fghK(X,Y)(S) for f,g,h € C®(M) [9], there is a 2d-form
P(Kv) on M such that P(Ky) | Uy = P(Q%).

Let I = R|cy, ¢z, .. .| be the free polynomial algebra on generators ¢; in dimension
27 with trivial differential, and let 2*M denote the C*° de Rham algebra on M.
Define a map V.: I — Q*M by V.c; = p;(Kv) € Q*M if i < k and V.c; =0 if
1> k. V.c; is the ith Chern polynomial of V. Since dp;(Ky) =0 for all ¢, V, is a
chain map and [V.cy;] € H?(M,R) is the ¢th Pontrjagin class of ¢ [9].
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If ¢ is equipped with certain types of extra structure, the Chern-Weil construction
can be extended to give secondary invariants related to that structure. For example,
if ¢ is the normal bundle to a codimension k foliation .7, ¢ admits an adapted
connection V(7"), which has the property that Ky(7)(X,Y,s) = 0 whenever X
and Y are vector fields tangent to 7 [2]. It follows that V(7). is the zero map
in dimensions greater than 2k. Therefore, if Iy is the quotient of I by all elements
of total degree > 2k, then V(7). induces a chain map from Iy to Q*M. Define
a differential graded algebra WO, = Iy ® Er(hi,hs....,h) where h; has degree
21 — 1, | is the largest odd integer less than or equal to k, and d(c; ® 1) = 0,
d(1® h;) = ¢; ® 1. It is proved in [1] that V(T ).: Iy — Q*M extends to a chain
map V(I ).: WO — Q*M whose induced map in cohomology depends only on
the concordance class of 7. The classes in the image H(V(7)).(H*WOy) are the
exotic characteristic classes of 7 . '

If the normal bundle ¢ of .9 is a trivial bundle, the map V(). extends to a
larger complex: Wy = Iy ® Er(hy,ha, ..., hg) such that degree(h;) = 2¢ — 1 and
d(c; ®1) =0, d(1® h;) = c; ® 1. As above, the induced map HV (Y ).: H*W; —
H*M depends only on the concordance class of 7.

We remark that in both the trivial and nontrivial cases, the definition of the
characteristic classes relies only on the adapted connection V(") and its vanishing
property. This suggests the following generalization:

An affine connection V on ¢ is k-flat if V. : I — Q*M is the zero map in dimen-
sions greater than 2k. (¢, V) is a k-flat structure on M if V is a k-flat connection
on ¢. A map of k-flat structures ¢: (¢, V) — (¢/, V') on M is a vector bundle
isomorphism ¢: ¢ — ¢’ such that, if s and s’ are sections of ¢ and ¢’ respectively so
that

¢ 2 ¢
st e
M 25 M

commutes, then

V(X,s)(m) = V'(Y,s")(¢(m))
where Y is a vector field such that d¢(X(m)) = Y(o(m)). If (¢,V) is a k-flat
structure on M and ¢ is a trivial bundle, a trivialization for (¢, V) is a map ¢:
(M x R¥ — M, V') — (¢, V) of k-flat structures.

Suppose f: N — M is a C* map and (¢, V) is a k-flat structure on M. We
can define an affine connection f*V on f*¢ as follows: Choose a framed open cover
{Uqa;8%,... 88} for ¢. Then {f~1(Uy), f*s¢,..., [*s¢} is a framed open cover for
f*¢and if X € C®(T.f~1(U)), y € f~1(U), we define

J*VX, £ (y) = (v, V(X s7)(f ()
where X' € C°(T*M) satisfies X'(f(y)) = df (X (y)).

If w* = (wf}) and Q% = (Q), are the connection and curvature matrices of V
on {U% s$,...,s%}, f*w™ and f*Q* are the connection and curvature matrices of

f*V on
{7 U, f*s8, ., f2s8).
Any relations among the (27;’s must also be satisfied by f*(}7%’s; in particular,

V k-flat implies f*V is k-flat. Therefore, we have an induced k-flat structure
[, V)= (f*¢,/*V) on N.
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k-flat structures (¢o, Vo) and (¢1, V1) on M are concordant if there is a k-flat
structure (¢, V) on M x I such that 75(¢,V) = (¢;, V;) for j = 0,1. Let Fx(M)
denote the set of k-flat structures on M. Concordance is an equivalence rela-
tion on Fi(M) and we let cFi(M) = Fp(M)/ ~. If f: N — M is as above,
the map f*: F(M) — Fy(N) preserves concordance classes and induces a map
f*:cFe(M) — cFx(N). Note that if (¢,V) ~ (¢', V') € Fx(M), then ¢ is iso-
morphic to ¢/. Conversely, given a particular vector bundle ¢, we will want to
consider the set of concordance classes {[(¢{.V’)] € cFx(M) | ¢’ is isomorphic to
¢}, and we denote this set by ¢cFx(M,¢). The extended Chern-Weil construction
applies to the set of all k-flat structures on M; (¢, V) € Fi(M) induces a chain
map V*: WO, — Q*M (or V*: W, — Q*M if ¢ is trivial) whose induced map in
cohomology depends only on the concordance class of (¢, V).

Our discussion has an analog in the category of C*° complex vector bundles. The
concepts of connection and curvature tensor carry over directly, we just replace the
real numbers with the complex numbers throughout. If we let I, Iy, WOy, Wy
also denote their own complexifications, we define the complex Chern-Weil map
of a complex connection V on a complex k-plane bundle 4. V, maps I into the
complexified de Rham algebra (M, and the classes in the image of the induced
map in cohomology are the Chern classes of v. Complex k-flat structures are
defined similarly to real k-flat structures, and F¢(M) and cFZ(M) will denote
the sets of complex k-flat structures, and concordance classes of complex k-flat
structures, respectively. We note that, as above, (v, V) € F{(M) induces a chain
map V.: WO, — QKM (or V.: Wy — QM) whose induced map in cohomology
depends only on the concordance class of (v, V).

The main results of this paper can now be stated more precisely. Let BGI¥
denote the classifying space for k-plane bundles [9]. It is well known that a k-plane
bundle ¢ 5 M determines a classifying map €: M — BGI¥, and that there is a
canonical bijection between homotopy classes of maps [M, BGI¥], and isomorphism
classes of k-plane bundles over M.

THEOREM 3.5. There is a fibration of CW compleres Br*: BC* — BGI* with
the following properties.

(i) A k-flat structure (€,V) determines a lifting of the classifying map of £ to
BC*

BC*
(€V | Bt
M~ & BGk

(i) There ts a canonical bijection between concordance classes of k-flat structures
on M and homotopy classes of maps [M, BC¥].

We are also able to show a relationship between the topology of the fibration
Brk: BC* — BGI¥ and the cohomology of W¥. Let FC* denote the homotopy
fibre of BC*.

PROPOSITION 3.6. mFC* =0, 1< 1< 2k.

THEOREM 4.10. There is a subcomplez Vi, C Wi (see §4) such that 1: H*Vj
— H*Wy s injective.
Furthermore, there is an injective map H*Vy — H*FCy.
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2. We will carry out our constructions in the category of semisimplicial sets.
This section contains standard technical results which we will need. For proofs and
further details, please refer to (8, 10].

A pseudogroup T is a category in which each morphism is invertible and the
class of all morphisms forms a set. If I'; and I'; are pseudogroups, a map from I'y
to I'y is a functor from T'; to I'y. Source and target maps o and 7 are defined in
the obvious way, and composition of functions induces a multiplication on the set
{(g,9') €morT x morT | o(g') = 7(g)}. If obj T consists of a single element, I' is a
group.

Haefliger [5] extends the theory of group structures and classifying spaces in the
topological category to include arbitrary pseudogroups. We will make a similar
generalization in a semisimplicial setting.

Let A, = {(to,t1,---,tn) € R"*1| Y t; = 1} be the n-simplex, and let SS be the
category whose objects are {A,|n > 0} and whose morphisms are affine extensions
of order preserving vertex maps. If C is a category (i.e., sets, groups, pseudo-
groups) a semisimplicial (ss) object in C is a contravariant functor from SS to C,
and a map of ss objects is a natural transformation of functors.

Let T’ be an ss pseudogroup; then each I', is a pseudogroup and 9;: ', = '
and s;: I', — I, are functors satisfying the usual relations. Note that objI" and
mor " are ss sets and o,7: mor" — objT" are ss maps.

Let & be the category of ss sets and suppose S € . A T' — 1-cochain ¢ on
S is a collection of ss maps ¥(): & — morT for a € S such that, for each pair
,f and each t € @N B, there is a g € T for which o ((a)(t)) = a(g o %(B)(t)).
Y(sia)(s;a) = si(¢¥(a)(@)) for all degeneracies s,.

A T — 2-cochain ¢ on S is a collection of ss maps ¢(a,3): @ N B — morTl
for a, 8 € S such that if t € N BN 7, od(a, B)(t) = 76(8,7)(t). ¢ is a cocycle if
é(e, 7)(t) = d(a, B)(t)od(B, 7)(t) whenever t € &NBN7H. The cocycle condition im-
plies ¢(a, @)(t) = id(0¢(a, a)(t)) = id(7¢(, a)(t)) and (e, B)(t) = (¢(B,a)(t)) ™"
A cocycle ¢ is normalized if s;(¢(e, @)(a)) = ¢(s;a, s;a)(s;c) for each degeneracy
S;.

If ¢ is a ' — 1-cochain and ¢ is a I'-cocycle such that oy(a)(a) = 7é(a, a)(a) =
od(a, a)(a), then 9 - ¢ is the I'-cocycle given by

V- d(a, B)(t) = Y(a)(t) o d(a, B)(t) o p(B)(t) .

Note that 1 - ¢ is normalized if both ¢ and ¢ are normalized, and ¢, ~ ¢3 « ¢; =
1 - ¢2 is an equivalence relation.
Let T'(S) be the set of normalized I' — 1-cochains on S, T(S) = set of normalized
[-cocycles on S and I'(S) = T'(S)/ ~. An element of I'(S) is a I'-structure on S.
If f: S — T is an ss map, there are induced maps I'(f): I'(T) — I'(S) and
T(f): T(T) — T(S) defined by

(@) (@)(t) = »(f(a))(f (1)),

(N)(@)(e, B)(t) = ¢(f(e), F(B))(f(2))-

Since T(f)(¢ - ¢) = (/) (¥) - T(f)(¢), T(/) induces a map T'(f): T(T) — I'(S).
An)

Define an ss set BT where BT',, = T'(A,) and 8;: BT',, — BT,,_; and s;: BT,, —
BT+ are defined by 8, = T'(v;)(a) and s;a = T'(p;)(a).

r (
r o(f
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PROPOSITION 2.2. There is aT'-cocyclew € [(BT) such that the natural trans-
formation 7 : (S, BT) — T(S) defined by 7 (f) = T(f)(@) is a bijection.

In other words, to each cocycle ¢ € T(S), there is a unique classifying map
¢: S — BT, such that T(¢)(@) = ¢. BT acts as a classifying complex for T-
structures on simplicial sets (i.e., ss sets generated by simplicial complexes). Let
Z € % be the subcategory of simplicial sets. If S € .7, a subdivision of S is the
simplicial set generated by a subdivision of the underlying simplicial complex. Let
|-]: & — CW complexes be the geometric realization functor [8]. Then it follows
from the simplicial approximation theorem as proved in [10] that for any S € %
and any homotopy class of maps [h] from |S| to |BT|, there is a subdivision S’ of
S and a semisimplicial map g: S — BT such that |g| =~ h: |S| =|S’| — |BT|.

Suppose S’ is a subdivision of S. T-structures ® € I'(S) and ® € I'(S’) are
concordant if there are cocycles ¢ € ® and ¢/ € @ such that |@| ~ |¢'|: |S|
(=18"]) — |BT|. Let cI'(S) = Ug {T(S")|S’ is a subdivision of S}/ ~, where
~ denotes concordance.

The universal I'-structure w € T'(BT) is the I'-structure represented by the I'-
cocycle @ € T(BT) constructed in 2.2. Note that if |f|: |S| — |BT| is represented
by an ss map f: S’ — BT, the concordance class of I'(f)(w) depends only on the
homology class of |f].

THEOREM 2.3. The natural transformation 7 : (|S|,|BT|] — cI'(S) defined by
T (If]) = [C(f)(w)] is a bijection for all S € 7.

REMARK. If BT is a Kan complex [8], we can write a simpler formulation
of 2.3 entirely within the category of ss sets. In this case, we call I'-structures
&y, d;, € I'(S) concordant if their classifying maps <2>0, (/31 : S — BT are homotopic.
According to [8], this is an equivalence relation on I'(S) and there is a bijection
r'(S)/~ « [S, BT].

We describe below a sufficient condition on I' for which BT is a Kan complex.

An ss pseudogroup I' is Kan if objI’ and morI" are Kan complexes and both
o,7: mor' — objT" are Kan fibrations.

THEOREM 2.4. IfT is Kan, BT 1s a Kan complex.

COROLLARY 2.5. IfT is Kan and S is an ss set, homotopy is an equivalence
relation on 7 (S, BT).

The final result we will need is a relative version of Theorem 2.3. Suppose I'!
and T'? are ss pseudogroups. A morphism 7: I'! — I'? is a collection of functors
{np: T} — T2} commuting with the boundary and degeneracy maps. We call
7: ' — I'? a Kan map if 7: objT'! — objI'? is a Kan fibration and if, for each
~ € morI'? and each z € objT'! such that 024 = 7(z), there is some 4’ € morI'!
such that 02y = z there is some 4’ € morI'! such that 7(v') = ~.

If ¢ is a I'-cocycle on S, T.¢ is the I'>-cocycle given by (T.¢)(a,8)(s) =
m(é(, B)(s)) and if 4 is a I'! — 1-cochain on S, 7.t € '%(S) is defined similarly.
Note T, (1 - ¢) = 7. (1) - T (¢); hence, there is an induced map 7. : T1(S) — I'%(S).
Let Ex: ET! — ET? and Br: BI'Y — BT'? be the ss maps such that En, = -
and Bm, = Tn-.

Note that 7. preserves the concordance relation.
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THEOREM 2.6. 1. The natural transformations 7 ': [|S|,|BTY|] — I''(S)
restrict to a bijection [|6],|Brl|] < c['}(S,8).
2. If7: T! = T2 is a Kan map, then Br: BI'' — BI'? is a Kan fibration.

3. It is our aim in this section to construct a classifying space for concordance
classes of k-flat structures on manifolds. We show that there is a family of CW
complexes |BC¥| for k > 1 and fibrations |Br*|: |BC¥| — |BGI¥| which satisfy
the following property. Given a C™ vector bundle £ over M, there is a one-to-one
correspondence between the set of homotopy classes of liftings [5 ,|B7*|] and the
set of concordance classes cFi (M, ¢)

- |BC¥|
_- L 1Bxk|
M“——|BGI¥|.

The outline is as follows: we construct a map of ss pseudogroups 7*: C* — Gi,
where GI¥ is the ss group adjoint to Sing®™ GI* (i.e., GI* is the set of C* vector
bundle isomorphisms {g: A, x R¥ — A, x Rk} covering the identity map). A GI*
structure on a simplicial set S is just a vector bundle on S. Theorem 2.6 implies
that there is an ss map Br*: BC¥ — BGI¥ such that, given a GI¥ structure 5 on
S, there is a bijection between [|3], Br¥] and ¢C*(S,7).

On the other hand, we show that to each manifold, we can associate a simpli-
cial complex L and a homotopy equivalence ¢: M — |L| which induces a bijection
between cFi (M, [5]) and cC"(Z,j). If we choose 7§ so that |4] = €, the classifi-
cation theorem is a consequence of the following chain of bijections: ¢Fy(M, ) «—
¢CH(L,7) < (141, |Br*]) = [€, | Br*].

Let w x R¥ denote the trivial bundle w x R¥ — w for any space w, and if
W' C w, we identify w’ x R¥ as a subspace of w x R*. Furthermore, if f: V — w is
continuous, f*(w x R¥) is identified with V x R* via (z, f(z),v) ~ (z,v). Finally
we assume all bundle maps from w x R¥ to itself cover the identity.

A connection on A, x RF is an R-linear map V: C®(r,A,) x C®(A, x R¥) —
C*®(A, x RF) satisfying the usual conditions, where A,, is viewed as a smooth
manifold with corners.

Define an ss set % where 8% = {k-flat connections on A,, x R*}, and boundaries
and degeneracies are given by 9;A = 77V and s,V = p;'V. G* will denote the ss
group whose n-simplexes are C* bundle maps from A,, x R* to itself and C* is
the ss pseudogroup such that objC* = #¥ and mor C* = {(V,V’,9)|V, V' € 6,
g € GI¥ and ¢g*V' = V}. Source and target maps are defined in the obvious way,
and there is a map of ss pseudogroups 7*: C¥ — G* given by 7(V,V’,g) = g.

THEOREM 3.1. The map |Br*|: |BC*| — |BG*| is a fibration such that, given
a simplicial set S and a Gl*-structure 5§ € GI¥(S), there is a one-to-one correspon-

dence between [|4|, |Br*|] and cC*(S,7).

PROOF. This is a special case of Theorem 2.6.

Let h: |L| — M be a C* triangulation of a manifold M. For each o € L, let r.cx
be the bundle over h(]a|) of vectors tangent to h(|a|), and if £ is a k-plane bundle
over M, &/a will denote the restriction of £ to h(|a|). Note that if 8 = d;a, there
is a restriction map 9;: C®(€&/a) — C*(&/B).
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A singular k-flat structure (skf-structure) on M is a collection V = (h, £, V(a))
such that h: |L| — M is a smooth triangulation, £ is a C* bundle over M and,
for every a € L, V() is a k-flat connection on &/« such that

V(a)(v,s) = V(B)(v.8)lns)
whenever § = d;a and v € T, .

If h(|L|, |K]) — (M,0M) is a relative C* triangulation and V = (h, £, V(a)) is
an skf-structure on M, V/OM is an skf-structure on dM, and if N is a component
of OM, V/N is defined similarly.

Skf-structures Vo and V; are concordant if there is an skf-structure V on M x I
such that V|3 = Vj for j = 0,1. If h: |[L| — M is a triangulation, let
SFi(M, h) be the set of skf-structures on M with respect to h, and if A’: |L'| - M
is a subdivision of h (written A’ < h), let

¢SFe(M,h) U SFy(M,h')/concordance.
h'<h
A smooth triangulation h: |L| — M induces a map h.: Fx(M) — SF(M)
defined by h.(¢,V) = (h,¢, V(a)), where V(@) is the restriction of V to h(|c|). h
projects to a map cFx(M) — ¢SF(M, h), which we also denote by h..
Fix a locally finite, smooth triangulation h: |L| — M, and let L be the ss set
generated by L.

LEMMA 3.2. There is a bijection cSFy(M, h) — cC*(L).

PROOF. Let h%: |[L°]| — M be a subdivision of h and let V° = (h0,¢%, VO(a)) €
SFy(M,h') for any m-simplex a of L?, (¢°|4, V9(a)) is a k-flat structure on A%(|c|)
so we can choose a trivialization @: (V, xR¥, V(a)) — (¢, V°()) covering h%04.

faeld,Beld s=0ia=0,8€anp, let¢’e 5k(L0) be the cocycle
given by . .

d)o(av ,3)(8) = (alv(a)a 8JV(,B), alo ﬂla.lAp)

If ¢’ comes from a second choice of trivialization, the change in trivialization
produces a 1-chain v such that ¢/ = 9. ¢°, therefore, yields a concordant cocycle;
hence, we have a well-defined map f: U, <, SFi(M,h') — U, <, Ck(_L—,). Then
f projects to a map F: ¢SFx(M,h) — ¢cC*(L). If V! € SF(M,h') is concordant
to VO, there is an skf-structure V € SFx(M x I,h) such that ViMxiy = V7 for
j = 0,1. As above, we define cocycles ¢ € ék(_};), o0 € Uk(fo), ¢l € 5k(f/1),
so that |¢|: M x I — |BC*| is a homotopy between |¢°| and |¢!|. Thus, f(V°)
is concordant to T'(V!), and T': [V| - |['(V)] is well defined. We will show F is a
bijection.

Surjectivity. Let ¢ € 5k(L’) where h': |L'| — M subdivides h. Consider the k
plane bundle ¢ = [, ;. k' 0 d(An) x R¥/ ~ where we identify

(K 0 &(Syz), V) ~ (k' © B(z), m($ga(B)(z)(V))) VB = dsa.
¢ car be given a unique smooth structure and we define an skf-structure V =
(h',¢,V(a)) on M as follows: each V(a) is determined by the property that if
f(a): Ay x RF — ¢|, is the composite
A x R M2 B0 6(Am) x RF 5 [T 1 0 &(Am) x RF — ¢,
a€l’
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then f(a): (Am x R¥, ¢(a,a)(a)) = (¢la, V(@) is a map of k-flat structures.
f([¢]) = V by construction, hence F is surjective.

Injectivity. Suppose [Vol, [V1] € ¢SFr(M,h) and F([Vo]) = F([Vi]). Then we
can find cocycle representatives ¢g € C—k(io), 1 € 5k(il) representing F'([Vy])
and F([V,]), and a homotopy ¥: M x I — |BC*| between |¢o| and |61

According to [14, Theorem 10.6, p. 101], given a bounded manifold N and
a smooth triangulation f: |K| — AN, there is a relative smooth triangulation
f: (IK|,|K]) = (N,0N) extending f.

Let ho: |L°| — M, h;: |L}| — M be the subdivisions of h corresponding to Vg
and V;. Choose a smooth triangulation

h: (L), |LO|, |LY]) — (M x I, M x {0}, M x {1})

extending ho U h;. By the relative simplicial approximation theorem [10, Theorem
5.1, p. 328], there is a relative subdivision
B (I L |LY) — (M x I, M x {0}, M x {1})
and a simplicial map #: L' — BCF such that |§] ~ yrelOM x I. Therefore,
0L, =65 for 7 =0,1.
~1

As above, we construct V € SFyx(M,h') such that f(V) = I'(8)(w) € C*(L).
Then V|upx (53 = V; for 7 =0, 1; hence Vy is concordant to V; and F' is injective.

To prove Theorem 3.5, we must show that for a fixed triangulation A, there is
a bijection between the set of concordance classes of skf-structures on M (with
respect to h) and the set of concordance classes of k-flat structures on M. The
bijection is the result of a smoothing procedure which we describe below.

Let Z C M be an open set. An skf-structure V = (h, §,V(a)) € SF¢(M,h) is
smooth on Z if there is a C*® k-flat structure (£, V) on Z such that

(& V)/(# Nhla)) = (£/a,V()/Z N hla)

for all & € L. Note that an skf-structure V which is smooth on a neighborhood of
the (n — 1) skeleton of an n-manifold M is smooth on M.

In the next lemma, we use an inductive procedure to smooth an skf-structure over
the skeleta of a triangulation. We assume first that M is an open subset of Euclidean
n-space; this enables us to choose a triangulation of M which is compatible with
the affine structure of RN.

We then construct neighborhoods % of the (d — 1)-skeleton, and smooth maps
G: %4 — %4 which are the identity near the boundary of %, and which project
smaller neighborhoods %] C %4 onto the d-skeleton. We pull back the k-flat
structure with these maps, the result is a k-flat structure which is smooth on a
neighborhood of the d-skeleton.

LEMMA 3.3. Suppose M C RN is an open subset and h: |L| — M 1is a locally
finite smooth triangulation such that h|a| is an affine subset of RN for all . If
V = (h,§,V(a)) € SF(M,h) and V is smooth on an open neighborhood % of
a subcomplex h(|K|) C M such that h(|K|) C %, then V s concordant to an
skf-structure V' which is smooth on M and which agrees with V on some smaller
netghborhood %' of h(|K]|).

PROOF. We will use an inductive argument to prove an absolute version of 3.3
and then indicate the changes needed for the relative statement. Let a € L.
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Recall:
Sta={yeL|38eL.acB,~Cp},

Lka={feSta|a¢ G}

Step 0. If e > 0 and a € L is a O-simplex, let D(g,a) = {z € RN | |z — h(a)| <
e}. For every O-simplex a, let e(a) > 0 be a number such that D(3e(a),a) C
h|Sta| — k| Lk | and if B is any other O-simplex, D(3¢(a), ) N D(3e(B), B) = @.
Let p(a): D(e(a),a) — hla| be the projection map, and g: I — I a smooth map
that takes a neighborhood of 91 into itself. Suppose p: |, D(3e(a),a) x I — I is
a C® map such that

(i) p(m,t) =01if t = 0 or if |m — hla|| > 2¢(a),

(ii) p(m,t) = 1if g(t) > 0 and |m — h(a)| < g(t) - t(a).

: ( P’ g =0

\ /

/
\
I \
\V

0 3e 2¢e € hia] € 2¢ 3e Pl E -

D(3e(),a)

Let G: U, D(3e(a),a) x I — J, D(3¢(a),a) be given by
G(m,t) = (1 — p(m,t)) - m + p(m,t)h(a).
G is a smooth map and G/, D(3e(a), @) — D(2¢(e), a) x I is projection on the
first factor. Define H: M x I — M by
H(m,t)=G(m,t), mel|JDBe(a) a)
P

=m, me MUD(26(a),a).

H is a smooth map since it is given as the union of two smooth maps over an open
set. Note that H/(M x {0}) = id, H/(D(e(a), @)) x {1} = p(a), and for all v € L,
H(h|y|xI) C h|y|. For suppose m € h|~|; if m ¢ U, (2¢(a), @), H(m,t) =m € h|y|
and if m € D(2¢(a), a) for some O-simplex a, then o <~y and

H(mat) = (1 - p(mvt)) sm+ p(mvt) : hlal € hl’YI
by convexity.

Define an skf-structure H*V = (h x 1, H*¢, H*(V)(v)) on M x I as follows:
hx1: (|Lx Ay, |Lx {0}, |Lx{1}]) = (M x I, M x {0}, M x {1}) is the product
triangulation, and if v € 7;\31 for some v € L, then H((h X 1)|7|) C h|y| and
H*(V)(v) = (H|,)*(V(y)) where Y is any vector field on M tangent to h|v| such
that dH (X (m,t)) = Y (H(m,t)).
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Therefore V.= H*V /M x {0} is concordant to V' = H*V/M x {1} and V' is
smooth on | J, D(¢(a), @) since, for each v € L, and each 0-simplex a,

(€' (), V() hyinD(e(a).a) = (@) (€/a, V(@) |hjyinD(e(a),a)-

Inductively assume we have constructed an skf-structure V' = (h, &', V'(a))
concordant to V which is smooth on a neighborhood Z of the (d — 1)-skeleton of
h|L|, and we will suppose that the (d — 1)-skeleton is a deformation retract of 7.

For each d-simplex a, let o/, o, o” C h|a| be open subsets, each of which is
diffeomorphic to the open d-ball and so that o/ C & C o’ Cc @’ Cc o Cc @ C
interior h|a| and 0@, da"”, A" C % .

Ife >0,let D(e) ={zr € RN 4||z| < €}. Let V(a) be a neighborhood of &
such that there is a diffeomorphism ¢(a): o/ x D(3) — V(a) which is the identity
in the first factor, and affine in the second factor, and so that

() V(o) NV (B) =D if a # B,

(ii) V(a) C h|Sta| — h|Lkal.

Let p(a): V(a) — @" be the projection map, and suppose g: I — I is a smooth
map that takes a neighborhood of 91 into itself.

Define C* maps p;: |J, @" — I and py: D(3) x I — I such that

pi(z)=1 ifzx GUE’,
«

pi(z) =0 ifz ¢Ua”,
a

(i)

(i) p2(y,t) =0 if |yl >2o0rift=0,
ii

p2(y,t) =1 ifg(t)>0and |y| <t
Let G: U, " x D(3) x I — |J, @" x D(3) be defined by

G(xay7t) = (IE, (1 - p2(ya Pl(z) : t)) : y)
Note that G is a smooth map, and G(z,y,t) = (z,y) if t = 0 or |y| > 2 or
relJ,a"” —a". Let H: M x I — M be defined by

H(m,t) =m, meMU¢ (o" x D(2))

=¢(a)”1(C (¢>(a)(m,t))), m € some V(a).

H is C* since it is written as the union over open sets of C* maps, and H/M x
{0} = id. Furthermore, if v € L, H(h|y| x I) C h|v|; for suppose m € h|y|;
then if m ¢ J, V(a), we have H(m,t) = m € hlv|, and if m € some V (a), then
p(a)(m) € hln|, and if ¢(a)(m) = (z,y) € @” x D(3), then

)
H(m,t) = ¢(a)~!(z, (1 = p2(y, p1(2) - 1))y)
= ¢(a)" (2, (1 = p2(y, p1(2, 1)) - y + p2(v, p1 () - €)) - 0)
= (1= p2(y, p1(2)t))d() (2, )
+ p2(y, p1(2)t)8() "} (2,0)
= (1= p2(y, p1(2)1)) - m + p2(y, p1(2)t) - p()(m)

since ¢(a) is affine. Therefore, H(m,t) € h|7y| by convexity.
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Let H*V' be the induced skf-structure defined as in Step 0 above; then V' =
H*V'/M x {0} is concordant to H*V'/M x {1} = V”. We show V" is smooth on
a neighborhood of the d-skeleton of M.

Let Hy = H(-,1): M — M; then V"’ = H;V’ and by hypothesis, there is a
neighborhood % and a deformation retraction r: Z — (d — 1)-skeleton, such that

V' is smooth on #%. Since |J, 02’ C %, it follows that |J, hla] — o’ C Z, and
if m € J, hla] — o' then Hi(m) = m so by continuity, there is a neighborhood
%' C % such that |J, hla| — o' C #' and H\(%) C Z. H, is a smooth map;
therefore Hy V' = V" must be smooth on Z’.

Finally, let Z(a) = ¢(a)~!(a’ x D(1)) for each a. Note that H,|% (o) =
pla)/% (a): Z (a) — o and for all vy € L,

(" (). V(MR 0% (o) = p(a)*(§' (@), V(@) /RN N % ()

and |, p(a)*(¢'(a), V'(a))/% (o) is a C* k-flat structure on |J, Z (c). Therefore,
V" is smooth on Z' UJ, ().
If m € d-skeleton, then either m € o/ C Z(«) for some « or

me (d—skeleton\ U a') C«.
«

Therefore, % U|J, () is a neighborhood of the d-skeleton.

This completes the inductive step and we conclude that V is concordant to a
skf-structure V' which is smooth on a neighborhood of the (N — 1)-skeleton of M
and hence, is smooth on M.

To prove the relative statement, assume V is already smooth on a neighbor-
hood % of a subcomplex h|K| of M such that h|K| C h|K| C #%. Subdivide
the triangulation so that there is a subcomplex K’ and an open set #Z’ such that
h|K| C Z' C h|K'| C Z and perform the same induction considering only sim-
plexes outside of 7Z’. Note that the construction implies that the concordance
restricted to Z’ x I is the product concordance.

COROLLARY 3.4. If M C RY is an open subset, h: |L| — M 1is a triangulation
satisfying the hypothesis of 3.3, and £ is a C*_k-plane bundle over M, there is a
bijection cC*(L,5) < cFe(M,€) for § € G*(L) such that || ~ h*€. This is a
direct consequence of 3.2 and 3.3.

We define a transformation of functors ®: [o,|BC¥|] — cFk(-) as follows: If
M C RV is open, choose a triangulation h: |L| — M satisfying the hypotheses of
3.3, then @ is defined to be the composite of maps

(M, |BC*|] ™ 11| |BC¥|] J cCR(L) T eSF(M, R) "5 cFo(M)
constructed in 3.1, 3.2 and 3.4.
For arbitrary M, choose an embedding i: M — RN for N > 2dim(M), and a
tubular neighborhood p: U — M of M in RM. If we triangulate U by h: |L| — U
as above, ® is the composite

(M, |BCk|) 5 [U,|BC*] & cFo(U) 5 cFe(M).
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THEOREM 3.5. (i) ® is a bijection and a natural transformation.
(ii) Let |B*|: |BC*| — |BG¥| be as in 3.1. If ¢ — M is a smooth R* vector
bundle, ® restricts to a bijection [¢,|Bn*|] — cFc(M,¢).

PROOF. (i) If M Cc R¥ is open, ®: [M,|BC¥|] — cF(M) is a bijection by 3.1
and 3.4. In general, note that p*: [M, |BC¥|] — [U,|BC¥|] is an isomorphism, and
since poi=id: M — M and 1op: U — U is smoothly homotopic to id, there is a
bijection ¢*: ¢Fx(U) — cFx(M). ® does not depend on the choice of embedding or
triangulation. Suppose we have embeddings io: M — RY, i;: M — RF, tubular
neighborhoods pg: Uy — 19(M) and p;: Uy — 1;(M), and affine triangulations
ho: |Lo|] — Up and hy: |L;| — U;. Without loss of generality we will assume
N=P.

Choose a one parameter family of embeddings ¢;: M — R and a one param-
eter family of tubular neighborhoods p;: U; — 7;(M) depending smoothly on ¢,
connecting po: Uy — i9(M) and p1: Uy — ¢1(M), and so that |J, Uy € RN*1 is
an open submanifold. We choose an affine relative triangulation h: (L, Lo, L) —
(U7 UO, Ul )

The following commutative diagram shows that ® is independent of the choices
indicated:

[Uo,|BC¥) & [M,|BCK] 5 [Uh,|BCH|
bRy 1R
(Lo, |fckn &Ll IBCk) B [Ly, IffC"I]
cCk(Lg) T ok(hy O cok(iy)
TF TF TF
c¢SFi(Uo, ho) ¢SF(U,h) ¢SFe(Uy,hy)
1hy Tar 1h;
cF(Usp) i cF(U) 2 cFe(Uy)
Tig=i;
cFie(M)

where 7;: Uy — U denotes the inclusion.

To show & is natural, consider first the case where M and N are open subsets
of Euclidean space. Let a: M — N be a smooth map representing (o] € [M, NJ;
choose affine triangulation hg: |Lg| — M, hy: |L;| — N and a simplicial approxi-
mation g: Lo — L; to a.

We will show that the following diagram commutes:

[M,|BC¥] & [N,|BC|]

L hg | A}
(IZol, llBCk” (IZ4], ILBC’“II
cCH(Ly) O cok(ly)
TF 1F
¢S Fi(M, ho) ¢SFe(M, hy)
T hg (R

cF*(M) pa cFr(N)
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The top square commutes by Theorem 3.1. To show that the bottom square
commutes, let (¢, V) € Fi.(N). We show that hfa*(¢, V) represents the concordance
class F~! o ¢cC¥(a) o F o h}[(¢,V)]. The latter class is represented by |g|*V =
(h()v |g|*€a |g|*V(a)), a € Lo, where V = hl*(fs V) € SF*(N’hl)

Let H: M xI — N be the homotopy between ~ and |g| such that for any simplex
a € Lo, H|jq|x; is linear. Therefore, H*V = (hg x id, H*§, H*V(v)) is an skf-
structure on H x I with respect to the product triangulation, giving a concordance
between |g|*V and hg. 0 v*(€, V). Hence @ is natural in this case, and the general
case follows directly.

(ii) The relative statement for an open subset M C R" is a consequence of 3.1
and 3.4. In general, given a smooth € — M, an embedding :: M — R" and a
tubular neighborhood p: U — M of M in R, there are bijections [¢,|Br¥|] «—
[p*€,|B7*|] and cFy(M, €) « cFi(U,p*€). Hence, the theorem holds for all mani-
folds.

Hereafter, we will omit the geometric realization symbols and let BII¥ — BGIy
denote the fibration of CW complexes. Let FC* be the homotopy theoretic fibre of
BIIk. FC* acts as a classifying space for k-flat structures whose underlying bundle
is trivialized.

PROPOSITION 3.6. ILFC*¥ =0 if1<1<2k.

PROOF. Let f: S® — FC* be a continuous map. Up to homotopy, f classifies
a k-flat structure (S™ x R¥, V). S™ x RF sits inside D**! x R* and we extend V
to an affine connection V on D"+! x R¥ using a partition of unity.

If P: Gl — R is an invariant polynomial (see §1) which is homogeneous of
degree | > k, P(Kvy) is a 2l form on D"*!; therefore P(kvy) is identically zero if
n < 2ksince 2l > 2k+1>n+1.

Hence. V is k-flat, and f extends over D"*1,

COROLLARY 3.7. BII¥: II;BC* — I1;BGly is an isomorphism if 0 < 1 < 2k.
LEMMA 3.8. HBII*: H (BGIx,R) — H*(BC*,R) is the zero map if i > 2k.

PROOF. Suppose the converse. Then there is a nonzero Pontrjagin class ¢ €
H*(BC* R). Let L be a finite polyhedron and f: L — BC* a continuous map
such that Hf(c) # 0 € H*(L,R).

Choose an open manifold %, and a homotopy equivalence j: Z — L. Theo-
rem 3.5 implies that f o j is homotopic to a map g: Z — BC¥ that classifies a
smooth k-flat structure (€, V) on . Therefore, g*(c) # 0 € Pont(¢) C H*(Z,R),
contradicting the k-flatness of V.

In §4, we will consider complex vector bundles as well as real bundles, and the
methods developed in this section apply directly to this case.

Define an ss set 0% such that (0%),, = {complex k-flat connections on A, x C¥},
and boundaries and degeneracies are defined by 9;V = 4}V and s;V = p;V.
0G’é will be the ss group whose n-simplexes are C* bundle maps from A, x C*
to itself, and C¥ is the ss pseudogroup such that objC& = 6% and morCE =
{(V,V',9)|V,V' €0k, g€ GE and ¢*V' = V}. Let (II&): C& — G be the map
of ss pseudogroups defined: I1&(V, V', g) = g.
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THEOREM 3.9. (i) There is a fibration of CW complezes BII%: BCE — BG
(= BGl(k,C)) such that, given a C*® k-plane bundle £ over M, there is a bijection
(€, BTIE] — cFE(M,£).

(ii) Let FC'éc3 denote the homotopy fibre ofBHé. ThenILLFCE =01f1 < ¢ < 2k.

(iii) HBI%: HY(BGY,C) — H'(BCE,C) is the zero map if i > 2k.

4. In this section we relate the characteristic classes of foliations to the classi-
fying space for k-flat structures constructed in §4. Following [6], we reformulate
the exotic classes as dual homotopy invariants. Techniques from rational homotopy
theory are applied to show these invariants can be realized as dual homotopy classes
of BCy and BC,? , or equivalently, as cohomology classes of FFCy and F' C,?. :

We begin by recalling some basic facts about homotopy theory and differential
graded (dg) algebras. [11] and [4] will be our references.

Let F denote either the real or complex numbers. A (graded) algebra over F is
a nonnegatively graded F-module X together with a skew-commutative multiplica-
tionpu: X®X — X andaunit n: F — X. If z € X™ and y € X™, we write z -y for
uw(X®Y)e Xm™t", (X,d) is a dg algebra if d: X — X is a degree 1 map of graded
F-modules satisfying d®> = 0 and d(z - y) = dz -y + (—1)!*lz - dy. When there is no
chance of confusion, we let X denote the dg algebra (X,d). F can be regarded as
a dg algebra which is nonzero only in dimension zero, with trivial differential.

An augmentation for X is a dg algebra map €: X — F, ¢h = id and X will
denote the augmentation ideal. Let & and %% be the categories of dg and dga
(differential graded augmented) algebras respectively.

If X € &, the cohomology of X is its homology with respect to d. X is connected
if Hn: H°(F) — H°(X) is an isomorphism and X is simply connected if H(X) = 0.
A connected algebra has a unique augmentation which will be used implicitly.

We briefly describe the homotopy theory of dg algebras. Let X,Y € &, & (X,Y)
will denote the set of dg algebra maps from X to Y and X ® Y is the usual tensor
product of dg algebras.

Let A(1,*) be the dg algebra generated by indeterminates 79 and 7; in grade 0,
drg and dr; in grade 1, satisfying relations 79 + 7, = 1, and d(7;) = dr; for ¢ =0, 1.

Maps fo, f1 € (X,Y) are homotopic if there is a dg algebra map F: X - Y ®
A(1,*) such that (1®9,)oF = f;: X — Y for i = 0,1. Homotopy is not generally
an equivalence relation on & (X,Y).

For each n > 0, let X(n) = X be the sub-dg algebra generated by |J"_, Xt and
dX™. Inductively define subalgebras X(n,q) for ¢ > 0 as follows: Let X(n,0) =
X(n—1) and if ¢ > 0, let X(n,q) be the subalgebra generated by X(n,q— 1) and
{z € X"|dz € X(n,q—1)}.

We say that an algebra M € & is minimal if M is connected, free, and M(n) =
Ugs>o M(n, q) for all n. A minimal model for a connected algebra X € &/ is a map
[+ #X — X such that uX is a minimal algebra and f is a cohomology isomorphism.

Minimal models are useful because they often simplify calculations. Fortunately,
many algebras can be approximated by minimal algebras.

LEMMA 4.1. Every connected algebra X € & has a minimal model f: pX — X
and puX s unique up to isomorphism [4].
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The homotopy type of a connected algebra X € ./ is defined to be the isomor-
phism class of any minimal model f: uX — X and the dual homotopy groups II" X,
n > 0, are the homology groups of the cochain complex uX/uX - uX.

If M € & is minimal, the homotopy relation on the set of maps from M to
Y is an equivalence relation for all Y € &7 [4] and we let [u, Y] denote the set of
homotopy classes of maps from M to Y.

The following results and calculations will be needed later on:

LEMMA 4.2. (i) Ifg: X — Y is a cohomology isomorphism and M is minimal,
g: [M,X] — [M,Y] is a bijection [4, 5.7, 5.8].

(ii) If X, Y € & are simply connected and Hg: H*X — H*Y is an isomor-
phism, then Ilg: II*X — II*Y 4s an isomorphism [4].

There is a close relationship between topological homotopy type and algebraic
homotopy type. For any finite CW complex or manifold L, let

"L = Hom((I1.L),R),

and if L is an infinite CW complex, then IT*L = !EI_] I1*L, as L, ranges over all
finite subcomplexes of L.

THEOREM 4.3. If M is a manifold with (M) nilpotent and Qg (M) s its
de Rham algebra over F, there is a natural isomorphism II* Qg (M) — IT*M [11].

For more general results along these lines, see [4, 11].

Calculations of rational homotopy groups with minimal models is interesting
and instructive. The reader is referred to [15, Chapter 13] for further details. We
include below a statement of results which we will need later on.

THEOREM 4.4.
II'BO* =F, 1=0,4,...,4(r —1),2r,
=0, all other1,

(i)

M'BO* ! =F, i=0,4,...,4r2r,
=0, allother,

I'BU™=F, {=0,2,...,2n,

i) =0, all otherv [6].

Recall from §1, the dg algebra Wy, = Iy ® Eg(hi, ha, ... hx) where
Iy = PPQ‘k(Cl,CQ, ey Ck)-

Let Ji C Ik be the sub-dg algebra ng(02,C4,...,Cl) where [ is the largest even
integer less than k, and let Vi = Jx® Ep(ha, hy, ..., h;) where dh; = ¢; and dc; = 0.
Let I, and Ji denote the underlying graded F-modules of Iy and J respectively.

We can regard H*W) and H*V} as dg algebras with trivial differential. In both
cases all products are zero [6]. Let & (H*Wj) and £ (H*Vj) be the free graded
Lie algebras [6] on H*W and H*Vj respectively.
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THEOREM 4.5. (i) [I*Wy = Hom (& (H*Wy),F),
(ii) I*Vi = Hom(Z (H*Vk),F),

(iii) I*I = *Wy & Iy,

(iv) m*J, =I*Ve & jk [6]

Recall from §1 that a k-flat structure on a complex k-flat structure (£,V) on a
manifold M induces a chain map V,.: WOy + QM whose induced map in coho-
mology depends only on the concordance class of (£, V). Let V, also denote its
own restriction to Ix. V. induces a map IIV,: I — II*(0g M, and the following
theorem corresponds to Theorem 3.1 of [6]:

THEOREM 4.6. The map IIV.: I*I}, — II*Qp M depends only on the concor-
dance class of (£, V).

PROOF. Let (§;,V;) € Fr(M x I) and suppose (v, V) € Fx(M x I) is a concor-
dance between (&p, Vo) and (£;1,V;). The truncated Chern-Weil map Ve I —
Q*(M x I) satisfies 17 o V., =V, for j = 0,1. Consider the diagram

L % oowmx) 5 oM

e , [

P LA u*M
where f: ul; and g: uQ*M — Q*M are minimal models. By 4.2(i), we can find
@ uly — pQ*M such that the diagram homotopy commutes. Therefore g- & =
i;op*ogo@’:i’l‘ov*oforVaof::V’{of.

REMARK 4.7. (i) The proof of Theorem 4.6 is virtually identical to [6, Theorem
3.1].

(ii) Suppose f: M — N is a smooth map and (&, V) € Fi(N). Then the following
diagram commutes precisely:

oM L o

(f'V)T\I V.
k

Thus, IV, - I f* o H(f*V),: I*I); — II*Q*N.

THEOREM 4.8. (i) There are injective maps from n*Jy — n* BC* and m* I, —
n* BCE,.

(ii) If (¢, V) is a k-flat structure and f: M — BC¥ is its classifying map as in
3.5, then the diagram

™ 5 oM
\w*BCk/f

commutes. The analogous statement holds for complex k-flat structures.

PROOF. Let p: BSC¥ — BC* be the universal covering space of BC*. We
identify BSC* with the pullback of BCy over the covering map p: BSO* — BO*.
For any k, let BSO,(,k) denote the n-skeleton of BSO¥*.
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First suppose k£ = 2r+1. By Proposition 3.6 the inclusion ]N BSO,(C%) — BSOy
lifts as shown:

Fer FC*

A

J+7 Bsck L Bck
s ! !

z g p
BSO,, L Bsor £ Bo*

Choose a homotopy equivalence h: Z — BSO{“%) where % is an open manifold.
By Theorem 3.5, pojoh classifies (up to homotopy) a k-flat structure (£, V) on Z.
Let V,: Iy — QR # be the induced map and let V, also denote its own restriction
to Jkx. By construction,
* xgy (BTN
Ve H*Jp — PE(Cr.....C) — H'% "L H*BSOY,,

is an isomorphism. It now follows from Lemma 4.2 that IIV,: [I*J, —» II*% =
H*BSO:C%) is an isomorphism as well. The universal properties of BSC¥ together
with Remark 4.7 imply that IT*Jx injects into I[I* BSC* as well.

Since p*: II* BC* — II*BSCF is an isomorphism in dimensions > 2, it follows
that IT*J, also injects into IT* BC*.

If k = 2r, we replace BSszk) with BSO{“%) and argue as above. In this case,
®.: H*Jy = P*(Cy....,Cp) — H*BSO[3,) is an isomorphism.

To prove (ii). suppose we are given (§,V) € F(M) and its classifying map
f: M — BCk. We will assume ¢ is oriented. Then f lifts to a map f: M —
BSC*. Since M is finite dimensional, we can assume, up to homotopy, that f(M)
is contained in a finite dimensional subcomplex K C BSC*. We will also suppose
that the 2k skeleton of BSCFK is contained in K. Choose open manifolds U,V
homotopy equivalences [: K — V. j: BSC(’C%) — U, and a smooth map g: U =V

-1

homotopic to [ oz o 37" where z: BSC{CQ,C) — K is the inclusion.

Jonsider the homotopy commutative diagram

ML Bsck
hl >d 14
v L 3K
g1 T4
U —— BSC,,

The maps dol: V — BSC* and doioj: U — BSCF classify k-flat structures
(61, V1) € Fr(U), (£€2.V2) € Fi(V) such that the diagram

7T*Jk _"—V2_+7T*V
X l
v m*u (m(dol))
T mw(doiog)
T BSCk
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commutes. (&,V) is concordant to h*(&1,Vy) in F(U). Hence the diagram
Sy
commutes up to chain homotopy, and

7 Jk _"—V-—>- ™M
\ T rh )
™V nf
1 =(dol)
n*BSCF
commutes precisely.
The complex case works just like the real case with the simplification that BU*
and BC* are simply connected. )
Let BU(kzk) = 2k-skeleton of BU*. As before, the inclusion j: BU(’C%) — BU*
lifts .
- BC¢
. l
BH(kzk) = BH*
by 3.9(ii), and an argument identical to the one just used proves IT*I; injects into
[1*BCk.
.COROLLARY 4.9. There are injections II'J, — II*FC* and II'J, —
II'FCE in dimensions 1 > 2k.

Rl \

PROOF. There is a long exact sequence in homotopy
. II'BO* & m'BCk & i FCk & i+ BOk — -

According to Theorem 4.4, II* BO* = 0 if ¢ > 2k. Therefore, I*: I' BCy — N1 FC
is an isomorphism in these dimensions.
The complex case is similar.

We will translate Corollary 4.9 into an equivalent statement about the cohomol-
ogy of FC* and FCE.

THEOREM 4.10. There are injections in cohomology H*V,, — H*FCy and
H*W; — H*FCE,.

PROOF. Let # denote the dual rational Hurewicz map, and /7, the algebraic
dual Hurewicz map [4].

According to [6], given any foliated manifold (M,.7”") with trivial normal bundle
and adapted connection V-, there is a commutative diagram

oI V-
relm

IT*W, 17
71

H'W, T gy
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where b: II*W; — I1*1} is a map of graded vector spaces such that bo Z: H*W;
— II* I} is injective and Ilz o b = id. The proof of this theorem extends verbatim
to the case of k-flat structures and the diagram restricts as follows:
AMM*J, - I
‘\ | mi
\H*Vk 17
#1
qHv., S 7w

By Corollary 4.9, we have an injection II*: J; — II*FC* in dimensions ¢ > 2k.
Choose a basis of generators ay,...,a, for the cohomology H*Vj, and a map
fi: 8" — FC* detecting the image of a; under the map

H*V, - II*V, — II*J, — I*FC*.

Let S =V,_, 9", f=V,_,f":S — FC* and let h: Z — S be a homotopy
equivalence where 7 is an open manifold.

foh:Z — FCy classifies a trivial k-flat structure (£,V) on #, and in the
diagrams above, IV obo Z is injective by construction. Thus, # o HV, must
also be 1-1. and the cohomology H*Vj injects into the cohomology of Z. The
universal properties of FCy now imply that H*Vj injects into H*FC¥.

The complex case is similar.

5. The results in the previous section may be summarized as follows:

1. The exotic characterstic classes H*Wj are contained in the cohomology of
the classifying space FCE for trivialized complex k-flat structures.

2. The subset H*V} of H*Wj of exotic classes is contained in the cohomology of
the classifying spaces for FC¥ for trivialized real k-flat structures. (It is not known
whether all of H*W,, is contained in H*FC¥.)

This means in particular that for each o« € H*Wy, there is a manifold M and a
k-flat connection V on M x RF such that V.(a) # 0 in H*M. We outline below
some open questions and methods for generating examples.

Foliations. Recall from the Introduction and §1 that the adapted connection V
on the normal bundle to a foliation is k-flat. Hence, the universal k-flat structure
induces maps O; : BTy, — BCk and O;: FTy — FC¥. We would like to know the
image of Og- H*FC* — H*FTy.

Discrete groups . Let R — E 55 M be a vector bundle whose structure group
can be reduced to a discrete subgroup G < GI(R, k). Then E carries a codimension
k foliation of transverse to the fibres of 7. The adapted connection IT to the normal
bundle of the foliation induces a map V: E — BC*. Hence precomposition with
the zero section s to II induces a map V os: M — BC*. Since this construction
is natural, the universality of BG provides maps ¢,: BG — BC* and ¢5: FG —
FC*. As above, we ask: what is the image ¢3(Wy)I[ITH* FC*?

Discrete groups II. We describe a second way to generate k-flat structures from
discrete groups.

Let M be a smooth compact k-manifold, C*°(M) = smooth functions on M
with the discrete topology, G = Gl,(C*®(M)). G is the group of trivializations
of the bundle R® — M x R™ — M. Therefore, a G-structure on a manifold
W (i.e. a map W — BC) determines a principal G-bundle £: G — X I w.
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Let (Ua, ¢o) be a trivialization of £, and define E = {J, Uy X M X R™| ~ where
(w,m,v) €Uy X M X R"™ ~ (w,m,q&gl 0 pa(w)(m)(v)) € Ug x M x R™ whenever
w e Uy AUp.

E is an R™ vector bundle over W x M whose restriction to the W factor is flat
(since G has the discrete topology). Hence, E is k-flat.

The above construction determines a map ¢: BG — BC¥, and it is a fundamen-
tal problem to determine how much of the cohomology of BC* can be detected by
such cycles. See [18].

[{oJe JIES B>
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